We consider a class of Einstein-Maxwell-dilaton theories in general dimensions and construct both static and dynamic charged black holes. We adopt the reverse engineering procedure and make a specific ansatz for the scalar field and then derive the necessary scalar potential and the non-minimal coupling function between the scalar and the Maxwell field. The resulting static black holes contain mass and electric charge as integration constants. We find that some of the static solutions can be promoted to become dynamical ones in the Eddington-Finkelstein-like coordinates. The collapse solutions describe the evolution from a smaller charged black hole to a larger black hole state, driven by the scalar field.
Introduction
The proposal of holographic principle brings a new focus on the study of General Relativity in asymptotic Anti-de Sitter (AdS) geometries. According to the AdS/CFT correspondence, AdS gravity in the bulk is dual to some strongly-coupled conformal field theory (CFT) on the boundary [1] [2] [3] . Thus AdS black holes are of great importance for the applications in the AdS/CFT. In particular, the dynamical black hole solutions are dual to non-equilibrium thermalization phenomena in quantum field theories [4, 5] .
However, the subject of dynamical solutions describing black hole collapse is hard to analyse. For example, in pure Einstein gravity, spherically-symmetric configuration cannot collapse since it involves only one conserved quantity, the mass. The breaking of spherical symmetry for collapsing can make the analysis extremely complicated and numerical methods are normally adopted. Since the scalar hair is not conserved, Einstein gravity coupled to a scalar field can have dynamical collapsing process while maintaining the spherical symmetry. In fact, even though an AdS vacua with a scalar field that satisfies the Breitenlohner-Freedman bound is stable against small perturbation at the linear level [8] , numerical methods indicate that it will fall into a black hole state because of the non-linear instability [9] [10] [11] [12] . However, analytic dynamical black holes describing black hole formation are hard to come by. The first such example was provided by [6] and further analyzed in [7] .
The construction of analytic dynamical solutions is propelled by the recent constructions of static black holes in a variety theories [13] [14] [15] [16] [17] [18] [19] [20] [21] . Some of these solutions can be promoted to become dynamical ones where the static black holes are the end points of the time evolution [19, 20] . Further such exact dynamical solutions were later constructed in [22] [23] [24] [25] [26] [27] .
The purpose of this paper is to construct both static and dynamic charged black holes in a class of Einstein-Maxwell-dilaton (EMD) theories in general dimensions, where the scalar field φ with a scalar potential V (φ) is non-minimally coupled to the Maxwell field, with a generic coupling function Z(φ). Our strategy is follows. We first make a simple static ansatz for the dilaton and then adopt the reverse engineering procedure to determine the metric as well as the functions (Z, V ). We make sure that the mass and electric charges of the solutions are integration constants rather than the specified parameters in the Lagrangian. We then rewrite these static solutions in the Eddington-Finkelstein like coordinates and construct dynamical solutions. We find that a subset of the static solutions can be promoted to become exact dynamic ones in this process.
Our paper is organized as follows. In section 2, we discuss the EMD theories in which the Maxwell field and the scalar field are coupled by a coupling function. In section 3, we construct static charged black holes in four dimensions and obtain the first law of thermodynamics. It contains spherical, toric and hypobolic topology for the solutions. In section 4, we generalize the construction to general D dimensions. In section 5, we construct exact dynamical charged solutions and analyse the evolution of dynamic process. We conclude the paper in section 6.
The general set up for static solutions
In this paper, we consider a class of EMD theories in general dimensions D. The Lagrangian takes the form
The scalar field with potential V (φ) is minimally coupled to gravity, but non-minimally coupled to the Maxwell field with a generic function Z(φ). The Euler-Lagrange equations associated with the variation of the dilaton φ, the Maxwell field A µ and the metric g µν are respectively given by
with
In this paper we first consider electrically-charged static solutions with the ansatz
where dΩ 2 (D−2),k is a (D − 2)-dimensional Euclidean-signatured Einstein metric with the Ricci tensor R ij = k(D − 1)g ij . The parameter k can take three non-trivial discrete values, namely k = 1, 0, −1, and the corresponding maximal symmetric metrics describe the round sphere, torus and hyperboloid in (D − 2) dimensions.
The Maxwell equation can be solved straightforwardly, given by
where a prime is a derivative with respect to r. The Einstein equations of motion are
It can be easily verified that the scalar equations of motion is automatically satisfied provided that the above equations are satisfied. A key observation is the simple expression
where σ is defined by
In other words, the equation (7) is independent of contributions from the Maxwell field and the scalar potential.
In this paper, we make the following ansatz for the scalar field
where (k 0 , q, ∆) are constants. This ansatz implies that the leading falloff of the scalar field at large r is
As we shall see later, the parameter q turns out to be an integration constant and can be viewed as the scalar hair parameter or simply the scalar "charge". It follows from (7) that
In the next section, we will reversely engineer the relevant scalar potential V (φ) and the coupling function Z(φ) and construct static black holes with dilaton φ and the metric function σ given by (9) and (11) respectively.
Charged black holes in D = 4 dimensions
In this section, we present the detail construction for the scalar potential V and also the function Z, that allows us to construct black holes with (9) and (11) . We determine the scalar potential V first, by setting Q = 0. We find that E 0 0 − E i i = 0 (with no sum) implies that
whereh = h/r 2 . This function can be solved up to a quadrature in terms of a hypergeometric function, namelyh
3.1 AdS planar black holes
The theories and the solutions
The expression (13) can be integrated out easily for toroidal-symmetric solutions, corresponding to k = 0. In this subsection, we focus on this special case. We find
Using the remaining equations of motion, we can straightforwardly determine the scalar potential V , as a function of r. Using (9), we can reexpress r in terms of φ and find
where we have defined
It is important to note that the parameter q that appears in the metric does not appear in the potential V , and hence q can be viewed as an integration constant of the solution.
We are now in the position to turn on the electric charge Q, while fixing the already obtained scalar potential V . Employing the analogous technique, we can writeh =h 0 +h e , whereh 0 is given by (14) . We can solve forh e from E 0 0 + E 2 2 = 0 which does not involve Z andh e is only the unknown function. Onceh e is determined, we can solve for Z using the remaining equations of motion. We find
where γ 1 , γ 2 are two constants. We have thus determined the full theory, and the corresponding static solutions are given by
Note that the electric potential ξ(r) can be integrated out explicitly, given by
Here we have chosen the gauge such that the electric potential vanishes at asymptotic infinity.
Black hole thermodynamics
The solutions constructed above all contain two integration constants, namely the scalar charge q and the electric charge Q. The metrics are asymptotic to the AdS spacetime in planar coordinates with the cosmological constant Λ = −3g 2 . The falloff terms of the metric
where M is the black holes mass, given by
For simplicity, we shall consider the case with ∆ > 1 2 so that the last term in (20) falls off faster. The unusual phenomenon that Q 2 contributes to the total mass is related to the fact that the γ 2 terms in Z diverge at the asymptotic infinity. For appropriate parameters of (q, Q), the solutions describe black holes with a horizon located at the largest root r 0 of the function h, namely h(r 0 ) = 0. The temperature and entropy can be determined by the standard technique, given by
Note that without loss of generality we assume that volume of the metric dΩ 2 2,k=0 is 4π, the same as the unit two-sphere. The electric charge and the corresponding electric potential
where ξ is given by (19) . In this paper, we would also like to treat the cosmological constant as the thermodynamic pressure P [29, 30] and the corresponding thermodynamic volume V th can be read off from the formula obtained in [31] . We have
It is straightforward to verify that the first law of black hole thermodynamics is indeed satisfied dM = T dS + Φ e dQ e + V th dP .
Spherical and general topologies
In this subsection, we continue to study (13) with non-vanishing k. For general (∆, k 0 ) parameters, we do not have a closed form expression forh. However, many properties can be determined even without an explicit expression. Furthermore, for special values of (∆, k 0 ), exact expressions can indeed be obtained and explicit examples will be provided.
General cases
For non-vanishing topological parameter k, we find
whereĥ satisfiesĥ
The scalar potential is given by
−6αC
Note that since we do not know the closed expression forĥ(r) from (27) , the expression of h(φ) in V is unknown either. However for special values of ∆ and k 0 , the explicit expressions can be obtained. We shall present a few examples in the next subsection.
The function Z, the relation f = σ 2 h and electric potential ξ are independent of k and were given in the previous subsection.
It is important to note that from the dimensional analysis, the q 2ĥ (φ) is independent of q, which implies that V has an overall factor k/q 2 . Fixing k = 1 or k = −1, then the parameter q appears in the scalar potential and hence cannot be viewed as an integration constant of the solution any longer. This implies, in particular, that the mass, temperature and entropy are fixed for fixed charged Q and the cosmological constant. Alternatively, we can define β = k/q 2 as a fixed constant, which then implies that the topological parameter k = q 2 β becomes a continuous variable for the varying scalar charge q.
Explicit special examples
When ∆ = 1 and k 2 0 is an odd natural number, the equation (27) can be integrated out with simple functions. We shall present a few simple examples with k 2 0 = 1, 3, 5, 7. We shall present both the theories and black hole solutions explicitly. Example 1. ∆ = 1, k 0 = 1: In this case, the β term in V vanishes automatically, and we
The black hole solution is given by
The solution is a charged generalization of the neutral solution obtained in [6] .
The theory becomes more complicated, involving (g, α, β) parameters for V and (γ 1 , γ 2 ) for Z:
The black hole solution involving the metric functions and the electric potential is given by
Example 3. ∆ = 1, k 2 0 = 5: Interestingly, the theory becomes simpler, given by
The black hole solution is
Example 4. ∆ = 1, k 2 0 = 7: In this case, the theory takes the form
Black hole thermodynamics
For the above explicit examples, the first law of black hole thermodynamics can be easily verified. In fact, we can establish the first law for generic (∆, k 0 ) as well, even when the explicit expression ofh is unknown. This is because it is the equation (27) , which is valid also for r = r 0 , that is needed for establishing the first law. The thermodynamical quantities
Again, we have simply used the volume formula of [31] to establish the thermodynamical volume V th . One further subtlety emerges for non-vanishing k is that for fixed β, we have k = βq 2 . This topological constant varies with q. We would wish to restrict our attention to the case where k is fixed, which requires that q is fixed. With this, the first law of thermodynamics (25) is indeed satisfied for the k = 0 case, including the sphericallysymmetric charged black holes.
It is worth pointing out that when k = 1, setting the cosmological constant parameter g = 0 yields charged black holes that are asymptotic to the flat spacetime.
4 Charged (AdS) black holes in D dimensions
The general class of theories and solutions
The four dimensional solutions constructed in the previous section can be straightforwardly generalized to those in general dimensions. For simplicity, we shall just present the final results. We find that function Z(φ) is fully determined, given by
where the functionV (φ) can be expressed as a quadrature, given bȳ
The corresponding charged AdS black holes are given by
Again, the topological parameter k in general is not an independent integration constant.
It is given by
For the charged AdS planar black holes with k = 0, the V in V andĥ in h can be ignored.
Some special examples
In spite of that the topological parameter k of the black holes in general theories is not an independent integration constant, in four dimensions, there is an example of (∆, k 0 ) for which k is an independent parameter, namely the first example in section 3.2.2. The example can be generalized to higher dimensions as well. We take
We find that theṼ in (40) vanishes. The theory becomes much simpler, given by
where C(2) = cosh(
) and S(2) = sinh(
). The corresponding charged black hole solutions are given by
Here the topological parameter k is a free integration constant. These solutions generalize the µ = 0 examples constructed in [17] . In five dimensions, hypergeometric function can also reduce to simpler functions, and we find
The solution is given by
Thermodynamics
Following standard technique, it is straightforward to derive various thermodynamical quantities for the above solutions. We find
where ω = dΩ (D−2) ,k stands for the volume of the codimension-two subspace. It follows that the first law of thermodynamics (25) is satisfied.
5 Dynamical solutions
Ansatz and equations of motion
Now we turn to construct dynamical solutions whose static limits were constructed in the previous sections. To do so, we follow the same technique of Vaidya and rewrite the static solutions in the Eddington-Finkelstein-like coordinates, namely
where u = t + (hσ 2 ) −1 dr is the advanced time. We now promote all the functions (h, f, φ, σ, ξ) to depend on the time coordinate, leading to the dynamical ansatz
The Maxwell equation implies that ξ is again related to the metric via the relation (5). The full set of independent equations of motion are now given by
where a prime and a dot denote a derivative with respect to r and u respectively. Note that since our ansatz is most general with respect to the isometries, up to general coordinate transformations, the scalar equations of motion will be automatically satisfied once the above equations are solved.
Our technique to solve these equations is first to promote the scalar charge q in the static solution to become a function of u, namely q → a(u). The only assumption we make is that the form of the scalar field remains unchanged, namely
It follows from (54) that the function σ can be straightforwardly solved, given by
It simply reduces to (11) in the static limit. With both φ and σ known, we note that the two equations E r r = 0 and E 
For solutions with arbitrary independent k, which can be achieved by (45), the inconsistency can be resolved provided that
Thus we see that for our theories and ansatz, dynamical solutions with toroidal isometry exist in general dimensions and the dynamical solution with spherical isometry exist only
Once the h(r, u) solution is obtained from E r r = 0 and E j i = 0 equations, we can finally substitute it into E r u = 0. Remarkably, we obtain a second-order ordinary differential equation of a (with respect to the time coordinate u), for which a = q is always one of the solutions.
D = 4
We first consider a simple example in D = 4 dimensions, namely the theory specified by (30) . The solution reads
where the function a(u) satisfieṡ
In fact, the solution is a charged generalization of the neutral solution obtained in [6] .
The properties of the solution and its dynamical evolution will be analyzed in subsequent subsections.
General dimensions
For k = 0, the dynamical solutions exist in general dimensions with
The dual theories are given by
The dynamical solutions are
The solutions generalize the neutral dynamical solutions obtained in [20] . The evolution equation is given byä (73) or (74)). To simply our analysis below, we will work in the coordinate r > 0 and focus on a ≥ 0.
Apparent horizon for dynamic black holes
Since the event horizon is of great difficult to solve in dynamical spacetimes, it is useful to use the apparent horizon ( or trapping horizon ) to characterize the evolution of dynamic black holes [25, 28] . The apparent horizon is defined by
where θ represents the expansion of outgoing radial null geodesic congruences, of which the tangent vector is given by
Note the area of the hypersurface defined by constant u and r is given by A = ωr D−2 in our coordinate. The expansion can be evaluated as
Since σ is positive everywhere, the location of the apparent horizon is simply determined by h = 0.
Evolution analysis
It turns out that the evolution equation (67) in general can be integrated once but the result depends on the parameter β. For example, for β = −2, one findṡ
where c is an integration constant. The evolution equation of this type was first examined in [25] , where dynamical charged black holes are constructed in nonminimally coupled EinsteinScalar gravity.
In the following, we shall focus on the β = −2 cases. We deducė
where c is an integration constant, related to the scalar charges in the static limit. In fact,
for later convenience, we can parameterize c appropriately and rewrite the first equation
On the other hand, one can read off the Vaidya mass for the dynamical black holes from
Replacingȧ by (73) yields
Since we are interested in the case in which the dynamical solutions describe the formation of black holes, we shall demand that the Vaidya mass is always positive definite during the whole evolution. This will constrain the specified parameters k 0 , α , γ 2 in the Lagrangian as well as the initial and final scalar charges and hence affect the evolution of the solutions significantly. The remaining parameter γ 1 is much relaxed, but it is still constrained by the positivity of the gauge coupling function Z(φ). We will discuss this in detail for several examples in the following.
Before moving to explicit examples, we shall further demand that in the neutral limit the mass of static black holes is nonnegative. This leads to α ≥ 0, where the equality is taken when the spacetime is pure AdS in the limit.
Explicit examples
In this subsection, we would like to study several examples for which the first order evolution equation (73) can be solved analytically.
Example 1 :
As a warm-up, we first examine a simpler case: the D = 3 dimensional solution or γ 2 = 0 for higher dimensional solutions. In this case, the electric charge does not affect the evolution of the scalar function a(u) so that the equation (67) and the dynamical evolution of a(u)
are the same as the neutral cases studied in [20] . However, a significant difference is now the initial state of the evolution is a charged naked singularity, instead of an AdS vacua or a path-dependent singularity established in [20] , as will be shown later.
The first-order evolution equation in this case simplifies tȯ
where we have set c ≡ q for later purpose. It follows that from the above equations a = q is always a stable point for any given β sinceȧ > 0 when a < q andȧ < 0 when a > q. This implies that a = q is the scalar charge of the final stable black hole state. Furthermore, it is interesting to note that for D = 3 or γ 2 = 0, the solution (66) behaves regular in the vanishing scalar charge limit a → 0. Notice that in this limit, theȧ term in the metric function h(r, u) vanishes as well because of β < D − 3. Therefore, the initial state for any value of β is given by
which describes a charged monopole with a naked singularity at the center.
The behavior of the scalar function a(u) at the initial time heavily depends on the parameter β. According to the first order equations (77) and (78), one finds that for 0 < β < D − 3,ȧ → +∞ and for β = 0,ȧ = 1 2α q 2 > 0 is a positive constant in the limit a → 0. In these two cases, the dynamical evolution is kicked by a strong injection rate of the scalar field. On the contrary, for β < 0,ȧ = 0 at the initial time. In this case, the evolution is much slower at early times until the nonlinear effects becomes strong enough to push the dynamical process speed up. However, it is worth emphasizing that no matter how a(u) behaves initially, the Vaidya mass vanishes as well as the size of the apparent horizon since for all the cases, the initial state is described by (79). This is totally different from the neutral cases, in which the initial state is either an AdS vacua ifȧ = 0 or otherwise an AdS spacetime with a path-dependent singularity at the center [20] .
To end this subsection, we present analytical solutions for the scalar function a(u). It turns out that for β = −1, one has
From the past infinity u → −∞ to the future infinity u → +∞, the function increases monotonically, from zero to its equilibrium value q. It exactly describes how the spacetime spontaneously evolves from a charged naked singularity state into a stable black hole state with scalar hair.
For β = −2, the solution can be expressed as an implicit function of exponential integral function [20] Ei log (
While the solution is different from (80), a(u) behaves the same as it qualitatively.
For generic β = −1 , −2, the solutions are given by [20] 
where u i is an integration constant which can be properly chosen to guarantee the reality of the solutions. A simple case is for β = 0, one has a = q tanh 1 2α qu . For more details, we refer the readers to [20] .
5.6.2
Example 2 :
Now we would like to study analytical examples in which the electric charge nontrivially affects the dynamical evolution of the solutions. We consider D = 4 dimensional solutions and take k 0 = 1, which corresponds to β = 0 in four-dimensions. The Vaidya mass is given by (we will set ω = 1 in the following)
It turns out that the positivity of the Vaidya mass constrains the scalar function a(u) as 0 < a <q + , for γ 2 > 0 ,
Interestingly, for γ 2 < 0 the electric charge should be bounded above Q 2 ≤ |9αc 4 /γ 2 |.
The first-order equation (74) simplifies tȯ
which can be written more compactly aṡ
where
It is easy to see that the number of stationary pointsȧ = 0 depends on the sign of the parameter γ 2 . This greatly effects the evolution of the solutions under consideration and we will discuss the γ 2 > 0 case and the γ 2 < 0 case separately in the following.
Case 1: γ 2 > 0. It is easy to see that for γ 2 > 0, the existence of stationary points requires that the electric charge should be bounded above as Q 2 ≤ 3αc 4 /γ 2 . In general, there are two stationary points, given by a = q − and a = q + (notice that q − < q + <q + ).
However, q − is an unstable point sinceȧ > 0 when a > q − whilst q + is a stable point sincė a > 0 when a < q + andȧ < 0 when a > q + . Furthermore, one always hasȧ ≥ 0 in the
Thus, both the scalar function and the Vaidya mass monotonically increase with the advanced time u. Without knowing the analytical expression of the scalar function a(u), we may conclude that the dynamical solution describes the spacetime evolving from a smaller charged black hole with a = q − to a bigger one with a = q + .
To confirm our analysis above, we further solve the first-order equation (86) analytically.
The solution can be written as an implicit function of u
where u 0 is an integration constant, which can be set to zero without loss of generality. It is immediately seen that the initial time of the evolution is at the past infinity u → −∞ whilst the final state is achieved at the future infinity u → +∞. The full evolution of the scalar function a(u) is depicted as a function of the advanced time u in Fig.1 . Initially, the scalar function a(u) behaves as
It is easily seen thatȧ > 0 for a > q − , which implies that while the initial black hole is stable against small perturbations, nonlinear effects will push it to evolve into a bigger black hole. At the future infinity, the function a(u) behaves as
where p + = q + +q − q + −q − q − /q + is a positive constant. Despite that the dynamical process takes infinite times to evolve into a stable black hole state, it will speed up at late times and approach the static configuration exponentially with the relaxation time given by τ = 2q + / 3α(q 2 + −q 2 − ) . In Fig.1 , we also plot the apparent horizon as a function of the advanced time. It is immediately seen that during the whole dynamic process, it grows monotonically from the event horizon of the initial black hole to that of the final stable black hole.
In conclusion, these results together support that our dynamical solution describes how a smaller charged black hole with scalar hair undergoes nonlinear instability and spontaneously evolves into a bigger black hole state.
Case 2: γ 2 < 0. Now we move to the γ 2 < 0 case. In this case, q − becomes pure imaginary in the first order equation (87). As a consequence, there is only one stationary point at a = q + . Again, this is a stable point corresponding to the final stable black hole.
We set q − ≡ iq − . Then the solution (90) can be rewritten as 
where we have adopted an identity arctanh(ix) = i arctan(x).
It is interesting to note that now the initial time of the evolution must be finite. For convenience, we choose the constant u 0 properly so that the initial time is zero. We have 
Here one may worry about what is the precise value of the initial scalar charge q i . In fact, the positivity of the Vaidya mass constrains it to beq − < q i <q + according to Eq.(85). In addition, it is easy to show that for any electric charge in the range 0 < Q 2 ≤ |9αc 4 /γ 2 |, one always hasq − ≤ q + where the equality is taken when the upper bound on the charge Q is saturated. Thus, q i should be taken in the regiem (q − , q + ). The dynamical evolution of the scalar function a(u) as well as the apparent horizon is shown in Fig.2 . It follows that for any given initial scalar charge in this regime, the state is unstable because ofȧ > 0. As a consequence, the initial Vaidya mass suddenly increases by an amount of δM = q 2 iȧ /4π > 0 so that the apparent horizon is larger than the event horizon of the initial black hole.
Conclusion
In this paper, we constructed a class of exact static/dynamic black hole solutions in EMD theories. In the theory we have considered, the scalar field is nonminimally coupled to the Maxwell field with a generic function Z(φ). In addition, we further considered a general scalar potential V (φ). We constructed exact black hole solutions using the reverse engineering procedure by proposing that the scalar φ took the form φ = 2k 0 arcsinh ( q r ) ∆ . With this assumption, we can determine the black hole metric functions as well as the structure of the Z(φ) and V (φ). The black hole solutions all involve the mass and the electric charge, and they are integration constants of the solutions rather than being specified by the parameters of the theories.
The integration constant q can also be viewed as the scalar charge, and it is not a conserved quantity. We therefore promoted q to be a time dependent function a(u) in the Eddington-Finkelstein-like coordinates and obtained a class of exact dynamic solutions where the static solution is the end point of the time evolution. The evolution is controlled by the evolution equation of a. We offered two examples to show that our solutions describe an initial black hole against nonlinear perturbations evolving into a final stable black hole.
